Abstract. We exhibit two non-isogenous rational elliptic curves with 17-torsion subgroups isomorphic as Galois modules.
The aim of this note is to prove that their 17-torsion groups are isomorphic as Galois modules 1 . We apply Proposition 4 of [KO92] with (in their notation) N = 3675 and N ′ = 47775. We then have M = N ′ (both E and E ′ have bad multiplicative split reduction at 3) and µ(M ) = 20160. We thus have to check that a l (E) ≡ a l (E ′ ) (mod 17) for every prime l < 3360, l = 3, 5, 7, 13 and a 13 (E)a 13 (F ) ≡ ±(13 + 1) (mod 17). This can be easily done using Sage ([S + 15]). Therefore, the mod 17 representations attached to E and E ′ , denoted (as in [KO92] ) ρ and ρ ′ respectively, have isomorphic semi-simplifications. However, both representations are irreducible. This follows from the fact that both curves have bad additive reduction at 5 with ord 5 (∆(E)) = ord 5 (∆(E ′ )) = 2. Hence the group Φ 5 is cyclic of order 6 and the images of ρ and ρ ′ cannot be included in a Borel subgroup of GL 2 (F 17 ). For more details and the definition of the group Φ 5 , see §5.6 and Ex. 5.7.4 of [Ser72] (or Prop. 3.3 of [Bil11] ).
As of April 2016, there are eight known pairs (up to isomorphism) of nonisogenous 17-congruent rational elliptic curves with conductors less than 360, 000. They turn out to be all quadratic twists of the pair (E, E ′ ). Besides, to the author's knowledge there is no known example of two non-isogenous rational curves with ptorsion subgroups isomorphic as Galois modules for some prime number p > 17. Any such example would be quite interesting in view of the conjecture below.
